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STUDY  OF  THE  RECIPROCAL  FUNCTION  OF  INDETERMINACY  OF  A WIDEBAND 
SIGNAL  WITH  A COMPLEX  LAW  OF  ANGULAR  MODULATION 

G.  V-  S virvchevskay  a 

A study  is  lade  of  the  function  of  i nde ter xi nacy  of  a signal 
with  a complex  law  ct  angular  modulation  and  the  reciprocal  function 
of  indeterminacy  of  the  pair,  signal  - filter,  which  with  respect  to 
its  properties  approaches  the  properties  of  the  function  of 
indeterminacy  of  a Gaussian  LChM-signal  [Tr.  ncte:  JIMM-  linear 
frequency-  modulated  ]. 

The  function  of  indeterminacy  is  a universal  characteristic  of 
complex  wideband  signals  which  makes  it  possible  to  select  one  or 
another  signal  in  various  radar  situations  [1,  2,  3].  Among  the 
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wideband  signals,  an  LChH-signal  with  a Gaussian  envelope  is  of 
undoubted  interest  from  the  point  of  view  cf  properties  of  the 
function  of  indeterminacy  [4,  5 ]„  Practical  realization  of  such  a 
signal,  however,  is  quite  difficult  because  of  the  limited 
possibilities  of  modern  radar  station  transmitters.  This  is  explained 
by  the  tact  that  the  majority  of  powerful  pulse  superhigh  frequency 
generators  operate  in  the  key  mode  in  which  amplitude  modulation  is 
impossible. 

In  this  work  a study  is  made  of  the  function  of  indeterminacy 
and  the  reciprocal  function  of  indeterminacy  of  a signal  with  a 
complex  law  of  angular  modulation  and  a rectangular  envelope.  The 
reciprocal  function  of  indeterminacy  of  such  a signal  approximates, 
with  respect  to  its  properties,  the  function  of  indeterminacy  of  a 
Gaussian  LChM-signal,  and  the  realization  of  this  signal  is  not 
dif  f ic  ult. 

The  law  of  angular  modulation  of  a sounding  signal  is  describeu 
in  the  following  manner: 

(i)  /(0-MQ+M0. 


where 
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(2) 


fiU)=U  + kt,  and  h (0  =Afm  cos  <om  t. 


In  this  case  K is  the  rate  of  frequency  change  during  a pulse  T, 
equal  to  At/T;  Af  is  the  frequency  deviation;  A/m=p/m;p  is  the  index 
cf  modulation;  fm  is  the  frequency  of  modulation. 

In  complex  form  the  sounding  signal  has  the  following  form; 


(3) 


S (0 -=e'e('>  |/|.^ 


where  0 (/)  is  the  phase  of  the  signal  determined  by  the  law  of  change 
cf  the  instantaneous  frequency  of  the  signal  (1). 

On  the  strength  of  the  familiar  relationship  from  the  theory  of 
Eessel  functions  [6] 


+=° 

V 


2 -MP)  • e'*  m<  , 


(3)  may  be  rewritten  in  the  following  manner: 


(4) 


S (0  = e'e,(,) 


L (P)+  2 M 


(P)e/*“'"'  + (-1)*2  -MP) 


-Inal 


*■=1 


with  |<|< -y. 
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The  function  of  indeterminacy  of  such  a signal  is  calculated 
according  to  the  formula  [3] 


(5) 


X (t.  ft)  - -2'£  / J 4 (0  •*•«-*)  • e~'c' d'  /. 


where  E is  the  energy  of  the  signal,  equal  to  T/2,  and  A(t)  is  the 
complex  envelope  of  the  sounding  signal  equal  tc 


(6) 


A (t)  —e 


'■(T+e-v) 

= e / 


where  p = 2wk. 

Taking  into  account  (6)  the  function  cf  indeterminacy  (b)  for 
t^O  has  the  following  form: 


(7) 


x (t,  ft)  = 


r/ 2 

|AT*  (* 

_,T'  j e™C<',“'"  ('~t)  f) 


dt 


Analogously  to  (7)  the  expression  is  written  for  tsJO.  In  thi: 
case  the  integrand  does  not  change  and  the  limits  of  integration 


i 
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become  equal  to  T/2  and  T/2  ♦ r. 

Transforming  (7),  expanding  the  last  exponential  factor  in  the 
integrand  into  a series  with  respect  tc  Bessel  functions  [fc] 


(8) 


/ 20  sin  -----  cos  co 
£ 2 " 


(\  + 00 

2 ) = 5j  ikJk  (2P sin  “fr ) exP  iku>m  ( t — 2')] 


*«=•- OO 


Substituting  (8)  into  (7)  changing  the  order  of  summation  and 
integration  and  combining  the  results  fee  t>0  and  t^O  we  obtain 


(9) 


X (*,  G)  = 


+ oo 


X ^20  • sin  — jxnmA(i,  S2  + fe o>m) 


From  the  last  expression  it  is  evident  that  the  presence  cf  a 
supplementary  sinusoidal  component  in  the  composition  of  the 
instantaneous  frequency  of  the  sounding  signal  leads  to  the  fact  that 
the  function  of  indeterminacy  of  a signal  with  a complex  law  of 
angular  modulation  is  the  sum  of  functions  of  indeterminacy  of  a 
signal  with  linear  frequency  modulation,  shifted  along  axis  Q by 
frequencies,  which  are  multiples  of  the  modulation  frequency  Wm  , 
the  envelopes  of  which  change  in  accordance  with  the  Bessel 


L 
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The  distribution  of  areas  of  high  correlation  of  the  function 
X (t,  Q)  is  shown  in  Fig.  1.  Analogously,  from  (*<)  it  is  evident  that 
the  sounding  signal  is  the  total  of  LChM-pulses  with  a rectangular 
envelope,  the  amplitude  values  of  which  are  proportional  to  the 
Eessel  functions.  In  this  case  we  shall  call  the  component  of  the 
signal  the  central  component 

(10>  SiW-MPJ-e'®'1"  |/|<4* 


The  basic  idea  of  obtaining  a reciprocal  function  of 
indeterminacy,  approaching,  with  respect  tc  its  properties,  a 
function  of  indeterminacy  of  a Gaussian  LChM-signal,  lies  in  giving 
the  envelope  of  the  central  component  a form  clcse  to  Gaussian  and  in 
using  a filter  in  the  receiver  which  is  matched  with  this  component. 

A change  in  the  form  of  the  envelope  of  the  central  component  may  be 
achieved  due  to  a change  in  the  index  cf  modulation  during  a pulsn. 

As  shown  by  the  studies,  the  form  cf  an  envelope  close  to 
Gaussian  may  be  obtained  during  the  change  of  the  index  of  modulation 
p = c|/|  (where  c = 5.26/T).  The  law  of  change  cf  the  envelope  of  tae 
central  component  which  corresponds  to  it  is  shewn  in  Fig.  2a  as  a 
function  of  p and  during  pulse  T. 
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The  law  of  change  of  the  envelope  of  the  central  component  ca.ii 
be  approximated  by  the  following  analytical  function: 

^o[P  (0]=e-a,,cos  ~ — — 

where  a = 3/T*. 

In  Fig.  2b  the  dotted  line  shows  the  curve  of  the  approx  i ira  t i ng 
function.  The  r oot- mea n-sq ua re  error  of  approximation  in  this  case 
does  not  exceed  3 o/o.  The  law  of  change  of  the  envelope  of  the 
central  component  we  shall  call  guasi-Gaussia n . 


Talcing  (11)  into  account  the  complex  envelope  of  the  central 
component  of  the  sounding  signal  is  written  in  the  following  manner: 


(12) 


_ 31- 

A,(/)=e  r' 


n t * 
cos  -^-e 


2 


T 

2~' 


For  determination  of  the  characteristic  of  the  filter  we 
calculate  the  spectrum  cf  the  complex  envelope  cf  the  central 
component  using  the  method  of  a stationary  phase  [2] 


(13) 


Su(w)=  ( Aa(t)  .e-i«<dt=- 

-TI2 


l/?n -e  cos  4“  e U M 

r am 

with  — 0,5  Aw  < to  <0,5  Ao) 


0 with  | o) | >0,5  Aw. 
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In  accordance  with  (13)  the  characteristic  of  the  filter  notched 
with  the  central  component  is  expressed  in  the  following  manner: 

(14)  (w)  — S*  (g>) . 

The  reciprocal  function  of  indeterminacy  cf  the  pair,  signal  - 
filter,  determined  by  (4)  and  (14)  may  te  represented  in  the  torn 

( 1 5)  K G)  = ' f S (o,  - 0)  ■ S'  (u,)  • efm  do > . 


where  S (u)  is  the  spectrum  of  the  complex  envelope  ot  the  sounding 
signal  and  Et  is  the  energy  of  its  central  component  equal  to 


(16) 


0.5  Ac* 

£i=*-]f  J*  |5n(to)  |*  -d(0  = 
o 


1,19  V.i  ■ T 

2 V6 


The  spectrum  of  the  sounding  signal  is  determined  using  a 
Fourier  transform  from  (4) 


l 
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Tt  2 


rn 


(17) 


5 »=  f 5 (0  .«=/„  (P)  f exp  (/I  (oo-w)  /+-£-])*+. 

-r/2  -r/2  * 

co  r/2 

+ 2j^*(P)  f cxp(/[(“)o—  w + ftw«)(+  J2* + 


-r/2 

r/2 


'+ (— 1)*  V y*  (P)  I"  e.xp  |/  I"  (b)o  — 0)  — fc<Om)  /+  J--  jrf/. 


Consequently  the  spectrum  ot  the  scunding  signal  consists  ol  t/ic 
sum  of  an  infinite  number  ot  spectral  components,  the  modulus  ct 
which  is  proportional  to  the  Bessel  functions.  Consequently  each 
component  of  the  signal  (i)  has  a spectrum  typical  for  LCh  M-sig  rials 
and  the  central  frequencies  of  the  spectral  components  are  equal  tc 
. Depending  on  the  selection  of  the  value  mm  the  components 
may  overlap  or  separate.  Under  the  condition  0,5  AuxOom  where  Au  is 
the  band  of  frequencies  occupied  by  each  spectral  component  the 
overlap  is  quite  small  and  the  spectrum  of  the  sounding  signal  may  be 
represented  in  the  form  of  the  curve  in  Fig.  3. 

With  a change  in  the  index  ot  modulation  during  a pulse,  taking 
into  account  (17),  the  reciprocal  function  cf  indeterminacy  is 
written  in  the  following  manner 
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(18) 


Xm(t,  Q)  - — 7 = 

431  1 /£•£, 


•f-oo  oo  j .»/* 

+ j VA[p(/)]e' 

— 30  1 


-r(.o  i-q— *i»  ) 


/ -<«i>+a)  | 

MMO]e  1 W 

h=o  co 

rf/f  f (-1)*  VA[p  (/) ] x 


/'  f“i  -«(o>-|-0  + *u.  ) 
Xe 


X 


Xe'"  <A,>|  - j(b.h i (t,  Q)+Xmis(t.  ■f  X»3ji  (t,  £2). 


From  (18)  it  is  evident  that,  as  dees  the  function  of 
indeterminacy  (9),  the  reciprocal  function  of  indeterminacy  consists 
of  the  totality  of  the  tasic  component  Kun  (t,  £2)  and  the  lateral 
components  shifted  on  axis  C to  frequencies  which  are  multiples  of 
the  modulation  frequency  <»m  . 


Takinq  (13)  into  account  the  basic  component  (t,  £2)  is 

written  as 


XBJ1  ( x , £2) 


(19) 


2|<  V'l.Ex 


+ fiai'  313'  f fttO 


I 


e A"”e  A,"’e""’  cos  cos  ” ("’  0) 


A© 


A to 


-i-Z  , *° 


Xe 


14  e/w,do)|  = 


i , , ~SQ- 1 nO  . . \ 

U — ' L 4..  cos-Ah)/,  + 0,5  /2  j 

I 4 \lVEEx\  ' ' 


where 
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< t. 


I u 


<4-30  6»i'*  6<»)Q  o)Q 

/,  = j e Al,)’eA‘"’e  “ e'<"t  da,; 


+“  _ /!!“[/  JL<su-a,  , JL  (o_ib)1 

e A“  eA  e 11  [e  A“  +e  A“  j exp  (/an)  da,. 


- 


During  calculation  of  components  Jj  and  J2  we  use  transforms 
which  reduce  to  the  calculation  of  the  integral  of  probabilities  [7], 
obtaining  the  final  expression  for  Jt  and  J2: 


(20) 


, l/  " » fAo>*  [60  . / n 

J^V  V Awc*p  [24  l *«-*+/(*+  y 


(21) 


V~6  Ab' exP nr [-&  +/ (T+  y + -£)] )e  'A“  + 


2,  nO 


Substituting  the  obtained  values  (20)  and  (21)  into  (19)  ana 
making  simfle  transformations  we  obtain 


X„n  (t.  D)  0.43  e 


Wi/'djiiiii* 

6 


me  b i 

c°s-A--te  -ch  6 


(t+  v) 


The  cutting  of  x»»n  (x,  Q)  by  planes  r = 0 and  Q = 0 may  be 
represented  as: 


X.„,  (t.  0)  0,43 -c 


n’A/’i 

' ~ • 


(l+e  " ch^6,T); 
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Evaluation  of  the  energy  losses  during  the  use  of  the  signal 
with  the  complex  law  of  angular  modulation  takes  place  in  the 
following  manner: 


(22) 


A _ (S/'V)* 

p~  W.vW,* 


where  ( N is  the  ratio  of  the  peak  power  of  the  signal  at  the 
output  of  the  g uas i— Ga uss i a n filter  to  the  mean  sguare  of  noisn ; 

(S/N)  m,x  = -^-  is  the  signal/noise  ratio  during  matched  processing  of 
the  signal  (4)  ; E is  the  energy  of  the  signal;  K0  is  the  spectral 
density  of  white  noise. 


Substituting  values  (S/AT)*  and  (S/N),n,x  in  (22)  we  obtain 


AP  - 


jP  (*  IS#  (o>)  I'lS  (io)/</ia 
o 

53X5 

| S*  (<l>)  I ’ Jui 


■2F. 


- 3,6  dB. 


In  the  last  expression  S(w) 
envelope  of  the  sounding  signal; 
transmission  of  a g uasi-Gaussian 


is  the  spectrum  of  the  complex 
A ,,,  (w)  is  the  coefficient  of 
filter.  Calculation  of  losses  is 
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lade  taking  into  account  the  fact  that  only  the  component  spectrum 
(13)  is  present  at  the  output  of  the  filter. 

According  to  data  cited  in  [1],  analogous  losses  in  the  case  of 
a Gaussian  LChfl  signal  comprise  3.  5 dB. 


let  us  compare  the  obtained  results  with  another  variation  of 
the  pair,  signal  - filter,  which  can  provide  the  same  properties  as 
the  reciprocal  function  of  inueter minacy  as  the  pair  examined  above. 


The  signal  in  tnis  case  is  represented  Dy  an  LChM-signal  with  a 
rectangular  envelope  which  is  subjected  to  weight  processing  by  a 
filter,  whose  modulus  of  the  transmission  coefficient  is  egual  to  the 
square  of  the  modulus  of  the  transmission  coefficient  of  a 
guasi-Gaussian  filter  ( Ifa)  - a quasi-Gaussian  square  filter. 


The  calculation  of  the  reciprocal  function  of  indeterminacy 
according  to  equation  (15)  in  this  case  leads  to  the  following 
expression : 


(r,  «)  — 0,314 


Calculations  show  that  in  this  case  losses  in  the  signal/noise 


ratio  are  approximately  5 dB 
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Table  1 shows  comparative  data  for  three  signals  which  makes  it 
possible  to  judge  the  effectiveness  of  the  suggested  pair,  signal  - 
filter. 


In  th 
indicates 
losses  of 
modulat ion 
cf  the  tra 
with  a com 
filter,  b) 
quasi-Gaus 


is  table 

the 

relative  efficiency  cf  t 

he  signal 

i n 

dec  i 

be  Is 
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sum 

of  t 

he  relative 

energy 

of  the 

signals  < 

ind 

of  t 

he 

mismatch 

ing. 

The  latter 

arise : 

1)  dur 

ing  amplitude 

of 

t he 

sounding  signal 

due  tc 

inefficient  use 

o f 

the 

power 

nsmitter 

; 2) 

during  non- 

optimal  processing:  a) 
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a si 

gna  1 

plex 

law 

of 

angular  modi 

ilation 

^ a 

quasi-Gaussi 

an 

of 

an  LChM- 

signal  with 

a rectangular 

envelope 

by 

a 

sian 

squ 

are 

filter. 

Comparison  with  other  known  means  of  weight  processing  of 
LChM-signal  [8]  and  also  with  signals  with  nonlinear  frequency 
modulation  [9]  shows  that  although  a signal  with  a complex  law 
angular  modulation  is  inferior  to  them  with  respect  to  energy 
it  is  superior  with  respect  to  properties  of  the  reciprocal 
correlation  function  and  has  a low  level  of  lateral  lobes  and 
weak  criticality  toward  Dcppler  frequency  shifts. 


an 

cf 

1 osses  9 
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1-  The  study  of  the  reciprocal  function  of  indeterminacy  of  a 
signal  with  a complex  law  of  angular  modulation  showed  that  its 
properties  approximate  the  properties  cf  the  function  of 
indeterminacy  of  a Gaussian  LChM-signal. 

2.  In  contrast  to  a Gaussian  LChM-signal  we  can  practically 
realize  a signal  with  a complex  law  of  angular  modulation  and  a 
rectangular  envelope. 


3.  With  almost  identical  energy  losses  in  the  signal/noise  ratio 
with  a Gaussian  LChM-signal,  a signal  with  a ccaplex  law  of  angular 
modulation  clearly  wins  out  in  comparison  with  weight  quas i-Ga ussian 
square  processing  of  a rectangular  LChf*-s  igr.al  although  it  is 
inferior  to  such  a weight  function  as  Hemming's  function  [8], 
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Pig-  1.  Location  of  the  range  of  high  correlation  of  the  function  of 
indeterminacy  of  a signal  with  a complex  lae  cf  frequency  modulation 


Pig-  2.  Change  of  the  envelope  of  a central  component  of  a sounding 
signal:  a - dependences  on  0;  b - during  a pulse. 


1 2 


Fig.  3.  Spectrua  of  a signal  with  a couple*  law  of  frequency 
Modulation  with  0 = const  and  toA/2<sc<om  . 
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((KEY:  1)  Naae  of  signal; 


2)  Relative  energy,  dB;  3)  Losses 


of  misnatching,  dB;  4)  Belative  efficiency,  dE;  5)  Duration  of  the 
basic  lobe;  6)  LChM-signal  with  a Gaussian  envelope;  7)  LChM-signal 
with  a rectangular  envelope  and  quasi- Gaussian  square  filter;  d) 

Signal  with  coaplex  law  of  angular  aodulaticn.) ) 


T 


- 


r t 

| 

UNCLASSIFIED 


SECURITY  CLASSIFICATION  of  THIS  PAGE  (Wien  Data  Entered) 


REPORT  DOCUMENTATION  PAGE 

READ  INSTRUCTIONS 

BEFORE  COMPLETING  FORM 

3.  RECIPIENT’S  CATALOG  NUMBER 

4.  TITLE  (and  Subtitle) 

STUDY  OF  THE  RECIPROCAL  FUNCTION  OF 
INDETERMINACY  OF  A WIDEBAND  SIGNAL  WITH 

A COMPLEX  LAW  OF  ANGULAR  MODULATION 

5.  TYPE  OF  REPORT  & PERIOD  COVERED 

Translation 

6.  PERFORM. NG  ORG.  REPORT  NUMBER 

7.  AUTHORfs,) 

G.  V.  Svirchevskaya 

8.  CONTRACT  OR  GRANT  NUMBERfs) 

9.  PERFORMING  ORGANIZATION  NAME  AND  ADDRESS 

Foreign  Technology  Division 

Air  Force  Systems  Command 

U.  S.  Air  Force 

10.  PROGRAM  ELEMENT.  PROJECT.  TASK 
AREA  & WORK  UNIT  NUMBERS 

11.  CONTROLLING  OFFICE  NAME  AND  ADDRESS 

12.  REPORT  DATE 

November  1972 

13._^gjMBER  OF  PAGES 

14.  MONITORING  AGENCY  NAME  & ADDRESSf//  different  from  Controlling  Office) 

IS.  SECURITY  CLASS,  (ol  this  report) 

UNCLASSIFIED 

15 a.  DECLASSIFICATION  DOWNGRADING 
SCHEDULE 

16.  DISTRIBUTION  STATEMENT  (of  this  Report) 


Approved  for  public  release;  distribution  unlimited. 


17.  DISTRIBUTION  STATEMENT  (of  the  abstract  entered  In  Block  20,  if  different  from  Report) 


18.  SUPPLEMENTARY  NOTES 


19.  KEY  WORDS  ( Continue  on  reverse  side  if  necessary  and  identify  by  block  number ' 


20.  ABSTRACT  (Continue  on  reverse  side  If  necessary  and  Identify  by  block  number) 

17 


DD  , 1473 


COITION  Of  I NOV  65  IS  OBSOLETE 


UNCLASSIFIED 


SECURITY  CLASSIFICATION  OF  THIS  PAGE  (When  Dele  Entered) 


DISTRIBUTION  LIST 


DISTRIBUTION  DIRECT  TO  RECIPIENT 


'HGANIZATION 

MICROFICHE 

ORGANIZATION 

ADO  5 

DMATC 

1 

E053 

AF/INAKA 

A210 

DMAAC 

2 

E01  7 

AF/  RDXTR-W 

B31*1* 

DIA/RDS-3C 

8 

E404 

AEDC 

COU3 

USAMIIA 

1 

E408 

AFWL 

C509 

BALLISTIC  RES  LABS 

1 

E410 

ADTC 

C510 

AIR  MOBILITY  R8tD 

1 

E413 

ESD 

LAB/FIO 

FTD 

C513 

PICATINNY  ARSENAL 

1 

CCN 

C535 

AVIATION  SYS  COMD 

1 

ET1D 

C557 

USAIIC 

1 

NIA/PHS 

C591 

FSTC 

5 

NICD 

C6l9 

MIA  REDSTONE 

1 

0008 

NISC 

1 

H300 

USAICE  (USAREUR) 

1 

P005 

ERDA 

1 

P055 

CIA/CRS/ADD/SD 

1 

NAVORDSTA  ( 50L) 

1 . 

NAVWPNSCEN  (Code  121) 

1 

NASA/KSI 

1 

m 

AFIT/LD 

i. 

MICROFICHE 

1 

1 

1 

1 

1 

2 

1 

3 

1 

5 


FTD-ID (RS)T-0827-77 


